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1. INTRODUCTION 
In this note we shall consider the following initial value problem: 
dx 
( 
t 
t2-&+3 y-l- 
C(t) - 3 ! 
x = c(t), x(0) = 1. (1) 
The differential equation in (1) describes an approximation for the evolution of 
consolidation of the sediment in soil mechanics [l]. The assumptions on C(t) are 
that it is a positive, continuous, and monotone decreasing function for t > 0. 
2. ANALYSIS OF THE SOLUTION 
THEOREM. Let x(t) be a soZution of problem (1). Then 
(i) x(t) is a monotone decreasing function for t > 0. 
(ii) We huoe x(t) < u(t) to any t > 0, where 
4 + (l/@‘) .f: C(s) ds 
u(t) = 1 + (l/t”) j; C(s) ds ’ 
Proof. (i) We shall employ the following result due to Utz [l]: 
Assume that c(t) is positive and continuous for all t > 0. If x(t), t > 0, is a 
solution of the differential equation (l), then 1 x(t)/ - cc monotonically as t + 0+ 
except that for exactly one solution x(t) -+ 1 as t --f O’-. 
It follows from this result and those of Perron, Hartman, and Wintner cited 
in [l] that there is a unique solution x(t) to problem (1). 
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Equation (1) can be written as 
dx 
t2 x = c(t) (1 - x) - + t - x, (2) 
dt dx 
F= c(t) (1 - x) - &x ’ 
t > 0. (3) 
From (2) we can see that x’(t) < 0 with t in (0,Z) for some 1 > 0. To begin with, 
we shall see that x(t) -+ 1 as t + Of in non-strictly decreasing form, that is, we 
cannot find m > 0 such that x’(t) < 0 for t in (0, m). 
In fact, supposing the contrary, there would exist a positive constant K such 
that 
1 
C(t) (1 - x) - $tx 
<K for t in [a, b], 
where 0 < a < b < m. From (3) we have 
1 1 b dt 
---= 
a b s .t2 
<K dx = K[x(b) - x(a)], 
which is impossible. 
Since C(t) (1 - x) - #tx would be negative in a neighborhood of t = 0, a 
similar argument is valid if a -+ 0. This agrees with the fact proved by Utz [l], 
namely, the set T = {t: x’(t) = 0, t > O] has zero as an accumulation point. 
Now, we must prove that x’(t) < 0 to any t > 0. Supposing the contrary, let 
t be a minimum value of t such that x’(t) > 0 at t = t. Then, there must exist 
tl where x’(t) = 0 at t = Z (I > t), and we will have 
x(t,) = x(t) = x0 ) (4) 
Wo) (1 - #ON - &‘+0) -==I 07 (5) 
C(i) (1 - x(Q) - @X(t’) = 0, (6) 
for certain to E (0, 1). 
Taking into account (4) and substracting (6) from (5) it follows that 
[l - “%I [CkJ - c(u -=c &&l - fh 
which is impossible b cause C(t) is a monotone decreasing function and x,, < 1. 
(ii) Integrating by parts the left side of (2), we obtain 
t’x(t) = 4 j-” ~4s) ds + s,t C(s) ds - s” C(s) x(s) ds, 
0 0 
(7) 
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since x(s) and C(s) are monotone functions 
s t t sx(s) ds <s t2 SdS=- 0 0 2’ 
Lt C(s) x(s) ds > x(t) i’ C(s) ds. 
Inserting (8) and (9) in (7), we have 
and the proof of the theorem is completed. 
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